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DRAZEN ADAMOVIC AND ANTUN MILAS 

ABSTRACT. We introduce a new approach that allows us to determine the structure of Zhu's al- 
gebra for certain vertex operator (super)algebras which admit horizontal Z-grading. By using this 
method and an earlier description of Zhu's algebra for the singlet W-algebra, we completely de- 
scribe the structure of Zhu's algebra for the triplet vertex algebra W(p). As a consequence, we 
prove that Zhu's algebra A{W(p)) and the related Poisson algebra V(W(pj) have the same dimen- 
sion. We also completely describe Zhu's algebras for the N = 1 triplet vertex operator superalgebra 
SW(m). Moreover, we obtain similar results for the c = triplet vertex algebra W2,3, important in 
logarithmic conformal field theory. Because our approach is "internal" we had to employ several 
constant term identities for purposes of getting right upper bounds on dim(A(V)). 
This work is, in a way, a continuation of the results published in (4). 



1. Introduction 

In this work we address two important algebraic objects that can be associated to any confor- 
mal vertex (super)algebra V, both introduced in a seminal paper by Zhu [23|: 

(i) Zhu's associative algebra A(V), and 

(ii) commutative Poisson algebra V(V) = V/C2(V). 

The Zhu's algebra A(V) is instrumental in representation theory of vertex algebra and has 
been a subject of numerous papers. On the other hand, V(V) is primarily used for purposes of 
modular invariance of graded dimensions [23 J. The two algebras are of course closely related; 
we always have a natural surjective map from V(V) to grA(V) (the associated graded algebra of 
A(V)), giving 

(1) dim(P(V)) > dim(A(V)), 

at least if V(V) is finite-dimensional (i.e. V is C2-cofinite). 

Fairly recently Gaberdiel and Gannon |15| have initiated a thorough study of possible rela- 
tionships between V(V) and A(V), by focusing primarily to rational vertex algebras of affine 
type. Although they have observed that for many familiar examples - such as Virasoro minimal 
models - these two algebras will have the same dimension (and thus the above map will be an 
isomorphism), there are many instances for which this is false (take for instance V to be the level 
one affine vertex algebra associated to Lie algebra of type Eg). The main observation is that the 
discrepancy between two algebras is somewhat "controlled" by twisted ^-modules. They also 
provided a conjecture for the equality of dimensions for certain vertex algebras associated to 
representations of affine algebras at positive integral levels. Some of their conjectures have been 
recently settled in and ITD1 . 



The second author was supported in part by NSA and NSF grants. 

1 



2 



DRAZEN ADAMOVIC AND ANTUN MILAS 



In view of Q} we can also contemplate whether V(V) and grA(V) are isomorphic for V being 
C2-cofinite, but not necessarily rational. Such vertex algebras have recently attracted a lot of 
attention in connection with logarithmic conformal field theory [17], [20]. But even for the well- 
known triplet vertex algebra W{p) (cf. |[TT| - 114], [4]), the two algebras have not been determined 
in full yet for all p (see however [4]) . The same issue can be also addressed for C2-cofinite vertex 
operators superalgebras. Again, very little is known apart from vertex algebras associated to 
N = 1 minimal models (cf. HI and H9J). 

The aims of this paper include: (a) We present a new approach for determining Zhu's algebra 
for vertex algebra which admit horizontal Z-grading (and some additional properties). This 
method is successfully applied to triplet vertex algebras, (b) We settle several conjectures from 
our previous work needed for better description of V(V) in the case of the triplet algebras W(p). 
(c) Finally, we show how to extend our results to vertex operator superalgebras. 

So let us briefly outline the main results. 

We closely follow [4] and [6], and as before let W(p) be the triplet vertex operator algebra and 
SW{m) be the N = 1 supertriplet algebra. From the structural results about Zhu's algebras from 
[4], [5] and [6], we have that for the complete description of Zhu's algebras A(W(p)), A(SW(m)) 
and A a (SW(m)) one has to describe the center of these algebras. Let us describe our approach 
in the case of triplet vertex algebra. Let M(l) C W(p) be the singlet vertex operator algebra (cf. 
|2| , Il3l0. We investigate a natural homomorphism of Zhu's algebras <1> : A(M(1)) — > A(W(p)) 
and identify the center of A(W(p)) as a subalgebra of A(M(l))/ Ker(<3>). We prove that the 
kernel Ker(<I>) is a principal ideal in Zhu's algebra A{M{\)), and show that the dimension of 
A(M(1))/ Ker(<l>) is 4p — 1. This easily gives the description of the center and proves that the 
dimension of A(W(p)) is 6p — 1. We also prove that: 

Theorem 1.1. For p > 2, 

dim A(W(p)) = dimP(W(p)). 

For vertex operator superalgebras (with suitable grading) the situation is a bit different be- 
cause there are four distinct algebras of interest here: the usual untwisted Zhu's algebra A(V), 
its cr-twisted counterpart A a (V), the Poisson superalgebra V(V) and its even subalgebra Vq(V). 
It can be shown that there is again a surjective map from Vq(V) to grA(V), giving an upper 
bound on dim(A(V)). But more important object of consideration turns out to be A a (V). By ap- 
plying similar approach we show that the dimension of A(SW(m)) is 6m + 1 and the dimension 
of A CT (SW(m)) is 12m + 8. In this way we present a positive answer on conjectures from papers 

m-m. 

Theorem 1.2. For all m G N, 

dim A a (SW{m)) = dimV (SW(m)). 

This equality is known to hold for N = 1 vertex superalgebras associated to iV = 1 minimal 
models (cf. d). 

Interestingly, the natural homomorphism from Vo(SW(m)) onto gr(A(S\V(m))) yields a non- 
trivial kernel. Namely, we have 

Corollary 1.3. For all m G N, 

(2) dim A(SW{m)) < dim^o(5>V(m)). 
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Our methods can be of course applied for "logarithmic extension" of (p, q) Virasoro minimal 
models (cf . Q, fll2]|, |16| ). Thus in Section [5] we completely describe the Zhu algebra for the 
vertex algebra W2,3 of central charge zero. As a consequence, we prove the following result, 
predicted in the physics literature 

Corollary 1.4. The vertex algebra W2,3 admits a logarithmic module o/L(0) nilpotent rank 3 (here L(0) 
denotes a generator of the Virasoro algebra). 

It is important to observe that our approach is "internal" in a sense that only properties of 
the vertex algebra in question have been used to determine Zhu's algebra. We do not use any 
information about the structure or existence of logarithmic representations (which is in general 
nontrivial), nor modular invariance |4], fJOj. Instead, the existence of logarithmic modules is 
obtained from complete structure of the Zhu algebra. In this way we give additional evidence 
for the correspondence between the category of modules for triplet vertex algebras and the cate- 
gory of modules for certain quantum groups which are Kazhdan-Lusztig duals of triplet vertex 
algebras (cf. El, DSD- 
Acknowledgment: We thank D. Svrtan and D. Zeilberger for useful discussion. We thank the 
referee for her/his valuable comments and suggestions. 

2. Main definitions 

The starting point for this paper is to recall the definition of Zhu's algebra for vertex operator 
(super)algebras following [18], [23]. 

Let (V = V° © V 1 , Y, 1, uj) be a vertex operator superalgebra. We shall always assume that 

v'°= n v ^ yi = ii v ^ 

where V(n) = {a G V | L(0)a = nv}. 

For a G V(n), we shall write wt(a) = n, or deg(a) = n. As usual, vertex operator associated to 
a G V is denoted by Y (a, x), with the mode expansion 

Y(a,x) = a n x~ n ~ l . 

We define two bilinear maps * : V x V — > V, o : V x V — ^ ^ as follows: for homogeneous 
a, b G V, let 



(3) a*b 



Res x Y(a,x) ^ csia) b if a,beV° 
if a or b G V 1 



Res x Y(a,x) {1+x K b if a £ V® 
(4) aob ={ 1 ' f~i 

Res x Y(a,x) { -±±^ -b if a G V 1 

Next, we extend * and o to V V linearly, and denote by 0(V) C V the linear span of ele- 
ments of the form aob, and by A(V) the quotient space V/0(V). The space A(V) has a unitary 
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associative algebra structure, with the multiplication induced by *. Algebra A(V) is called the 
Zhu's algebra of V. The image of v E V, under the natural map V h-> A(V) will be denoted by 
[v]. 

For a homogeneous a G V we define 

o(a) = a wt(a) _i. 

In the case when V° = V, V is a vertex operator algebra and we get the usual definition of Zhu's 
algebra for vertex operator algebras. 
With V as above, we let 

C 2 (V) = {a- 2 b :a,beV) and V(V) = V/C 2 (V). 

The quotient space V(V) has an algebraic structure of a commutative Poisson algebra H23fl . Ex- 
plicitly, if we denote by a the image of a under the natural map V i- > V(V) the Poisson bracket is 
given by {a, b} = aob and commutative product a-b = a_i&. If V is a vertex superalgebra, clearly 
V(V) is Z2-graded. Its even part will be denoted by Vo(V). From the given definitions it is not 
hard to construct an increasing filtration of A(V) such that grA(V) maps onto V(V). 

3. A HOMOMORPHISM OF ZHU'S ALGEBRAS 
Assume that V is a vertex operator superalgebra which admits the (horizontal) Z-gradation: 

V = Qv e , V ei -V h cV ei+h , 

eez 

where 

V k • V e := span c {u n v : u 6 V k , v G V t , n G Z}. 
In addition, assume there is G G End(V) such that: 



(5) G is a derivation on V, 

(6) G(V t ) C V e+1 , 

(7) w64 [G,Y(u,z)]=0, 

(8) G| is injective for £ < 0, 

(9) G|V5 is surjective for I > 0. 



Clearly, Vb is a subalgebra of V. 
We shall consider Zhu's algebras 

A(V Q ) = Vo/0(V ), A(V) = V/0(V). 

Let 

O(V) = 0(V) DV = span c {?; o w \ v G V e , w G V- t , I G Z}. 
Consider the following homomorphism of Zhu's algebras 

$ : A(Vb) -»■ A(V) 

v + O(V )^v + O{V), v£V . 
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Let 

Clearly, 

A (V) A(V Q )/Ker(<S>). 
We are interested in Ker(<I>). First we notice that 

Ker($) = {u + O(V ) E A(V ) \ u E O(V) }. 

Lemma 3.1. We have 

O(V) cG(V^) + O(V ). 
Proof. We have to prove that for every £ E Z: 

(10) veVi, weV- e => v o w e G(V-i) + O(V ). 

We consider the case when £ E Z> . The case £ < can be proved analogously. 
We prove the claim <fT7JT > by induction on £ E Z>o- For ^ = the claim holds. 
Assume that I = 1, v E V\, w E VC_x- 

Take E Vb such that u = Gw'. Since u' o w E P^-i and i/ o Gw E O(Vb), we have 

wo W = o w ) - v' o Guj E G(VLi) + O(Vb). 
Assume now that the claim holds for £ > 0. Let 

v E Vg+i, if E V-.t-.-i. 

Take u' E such that Gv' = v. By using induction hypothesis and the fact that v' o io E VLi, 
we get 

u o w = ow) — v' o Gw E G(VLi) + O(Vb). 
The proof follows. □ 

Lemma [3Tl implies the following result: 
Proposition 3.2. Let [G{V-l)\ = {[Gv], v E V-i}. Then 

Ker{^) c [G(V-i)]. 

4. Structure of Zhu's algebra A(W(p)) 

In this section we shall describe the structure of Zhu's algebra of the triplet vertex algebra 
W(p). We use several structural results on triplet and singlet vertex algebra obtained in J21, J3J 
and [4], which we recall briefly. 

Let peZ such that p > 2. As usual, Vl will denote the lattice vertex algebra associated to the 
positive definite even lattice 

L = "La, (a, a) = 2p. 

Let Y be the associated vertex operator. For details of the construction see, for instance, B4l . 

The triplet vertex algebra W(p), of type (2, 2p — 1, 2p — 1, 2p — 1), is a vertex subalgebra of Vl 
generated by the conformal vector 

1 / n9 V — 1 , 

-= ¥ «(-D 2 +V a( - 2) ' 
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and the primary vectors 

F = e~ a , H = QF, E = Q 2 e~ a , 

where Q = eg = Res z Y(e a , z) is a so-called screening operator. The operator Q acts horizontally 
(preserving conformal weight) so that 

deg(X) = 2p-l, Xe{E,F,H}. 

There is another useful description of W(p). As a module for the Virasoro algebra, Vl is not 
completely reducible. But it has a semisimple submodule which is isomorphic to the triplet 
vertex algebra. More precisely, 

WO) = SOCy ir (VL) 
oo 2n 

(11) = Q@U(Vir).Qie- na . 

n=0 j=0 

The vertex subalgebra of W(p) generated by to and H is called singlet vertex algebra and will 
be denoted by M(l). Clearly, M(l) is a subalgebra of the Heisenberg vertex algebra M(l). 
For i £ Z we set 

(p-j)2-(p-l)2 

hi >' = Ty • 

The triplet W(p) is known to be C2-cofinite but irrational Q. Moreover, W(p) has precisely 2p 
inequivalent irreducible modules which are usually denoted by 

A(i),...,A(p),n(i) > ...,n( P ). 

For 1 < i < p, the top component of A(i) is 1-dimensional and has conformal weight h{ t i, and 
the top component of Tl(i) is 2-dimensional with conformal weight hz p -i^i- 



Theorem 4.1. [2] Zhu's associative algebra A(M(l)) is isomorphic to the commutative algebra 
C[x, y}/ (P(x, y)), where (P(x, y)) is the principal ideal generated by 

<12) p(i > »> - » 2 - w?w (x + {J ^ l) n {* + i <2 " - 2 - ■■>) 2 • 



(Here x and y correspond to [uj] and [H]). 



Remark 1. Description in Theorem l4Jl shows that the subalgebra P of A(M(1)) generated by [oj] is 
isomorphic to C[x] and that 1 and [H] are algebraically independent over C[x], meaning that if 



A([lu}) + B{[u]) *[H]=0 in A(Af(l)), 
for some polynomials A and B then A(x) = B(x) = 0. 

Recall that as a module over Virasoro algebra W(p) is generated by singular vectors 

{Q j e~ na , nGZ>o,0<i<2n}, 



and M(l) is generated by singular vectors 

{Q n e~ na , n G Z> }. 
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For every I G Z>o, we define 

oo 

W( P )^ e = M(T).e- to = U(Vir).Q n e- {n+e)a , 



n=0 

oo 



W(p)< = M(l).Q 2e e- £a = Q)U(Vir).Q n+2£ e- 



(n+i)a 



n=0 



Then we have yet another description of W(p). 



Proposition 4.2. For every I G Z, W(p)^ is an irreducible M(l)-module and 

W(p) = ©W(p)<. 

Moreover, for v G W(p)e ir w G W(p)f 2/ we /zaue 

r( V )^W(p) fl+(2 ((z)). 
Operator G = Q satisfies conditions (O-®. 

Proof. Irreducibility has been established in 0, and the decomposition follows from description 
given in Q . □ 

Lemma 4.3. We have 

oo 

O(W(p)) C [/(yir).Q n e- nQ + 0(M(1)). 

n=l 

Proo/. First we notice that 

oo 

Q(W(p)_i) = ®U(Vir).Q n e- na . 

n=l 

Now assertion follows from Lemma [3TTI □ 



Lemma 4.4. Assume n > 1. TTzen m Z/i«'s algebra A(M(l)) we have 

[Q n e~ na ] = A(M) * [fl] + 5(M) * / P (M), 

3p-l 

andA,B G C[x]. 

Proo/. Let F(il, 2) = £\ eZ HjZ^ 1 . The results from and @ imply that 

H 3 Q k e- ka G C/(Vzr)Q fe+1 e-( fc+1 ) a UiVi^Q^e^- 1 ^ , 
where jeZ and > 1. Moreover there exists jo < —2 such that 

H j0 Q k e- ka = CQ k+1 e-( k+1)a + /(c^-V^" 1 ^ (C ^ 0, /(w) G U(Vir)). 



This easily implies that in A(M(1)) 

[Q k+1 e-( k+ V a ] = 7([w]) * [Q^-i e -(fe-i)«] 
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for certain / G C [x] . By induction, we now have that 

[Q n e- na ] = A([u}) * [H] + B([cj]) * [Q 2 e~ 2a ]. 
From 01 we have that [Q 2 e~ 2a ] = Df p ([u}), D / 0. The proof follows. □ 

Now we shall use results from Section [3] and obtain the following important result. 
Theorem 4.5. We have 



Ker($) = A(M(l)).(p(H)*[fl]) 

span c {A([o;])*p(H)*[fl] + S([a;])*/ p ([a;]) J i,BeC[4 

3p-l 3p-l 

p( x ) = n - ^,i)> /p( x ) = n ( x - Ki)- 

i=2p i=l 

Proof. By using Proposition |3.2| and Lemma [4T4] we conclude 

Ker(<I>) c {A([u]) * [H] + B([u]) * f p ([ U ]), A, Be C[x]}. 
Letu G Ker($). Then 

u = A([u;})*[H}+B([u;})*f p ([u}) 

for some A, S gC[i]. 

Since Ker(<I>) is an ideal in A(M(1)) we have 

[H]*u = A([u]) * [H] + B([u>]) * f p {[u]), 

for some A, B G C[x]. On the other hand 

[H]*u = A([u]) * [H] 2 + B([u\) * / P (M) * [H] G Ker($). 

Because of 

2p-l 

A([ W ]) * [F] 2 = A(M) * 5 (x) = C p J] (x - ^i), 

1=1 

and Remark[TJwe conclude that B(x)f p (x) = B(x)p(x)g(x) = A{x)g{x). Therefore, p{x)\A(x). In 
this way we have proved that 

Ker(cD) <Z {A^u}) * p([u}) * [H] + B^oo}) * f p ([u}), A 1 ,B 1 eC[x]}. 
Now the results from [4] imply the relation 



$lKH)*[F]l=*l/ p (H)]=o, 

which proves the opposite inclusion. The proof follows. □ 



Let 

A (W(p)) = Im($) =i A(M(1))/Ker($). 
The results from [4] (cf. Theorem 5.1 of |4J) imply that 

A(W( P )) = A_i(W(p)) © Ao(W(p)) © Ai(W(p)), 
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where 

A_!(VW(p)) = A (W(p)).[F], Ai(W(p)) = A (W(p)).[E], 

and 

dim A ±1 (W(p)) = p, dim A (W(p)) < 4p - 1. 

Now Theorem l4.5l implies that dim Aq (W(p) ) = 4p — 1 . In this way we have proved the following 
theorem: 

Theorem 4.6. For p > 2, we have 

dim A(W(p)) = 6p - 1. 

In HI, we have proved that dim A(W(p)) < dp — 1 and that dim A(W(p)) = 6p — 1 if and 
only if A(yV(p)) contains 2-dimensional ideals 1^. x parameterized by conformal weights hi^\ 
(see Section 5 of [4]). These ideals give (p — 1) indecomposable 2-dimensional representations. 
Then our Theorem l4.6l implies that A{W{p)) has these indecomposable representations. By using 
Zhu's correspondence we obtain the following result. 

Corollary 4.7. For every 1 < i < p — 1, there exits the logarithmic, self-dual, Z>Q-graded W(p)-modide 
such that the top component V^~(0) is two-dimensional and L(0) acts on VfifS) as 

( Ki 1 ^ 
V o h iA J ■ 

Remark 2. The existence of logarithmic modules {in the case p is a prime number) was proved in (4) 
by using modular invariance. Fiere we have presented a proof which use only theory of Zhu's algebras. 
We show that existence of logarithmic modules can detected directly from the internal structure of Zhu's 
algebra. 

Theorem 4.8. For every p > 2 

dim(V(W(p)) <6p-l. 
Proof. The description of C2(W(p)) from [4] gives that V(W(p)) is generated by 

(here a denotes the image of a in V(W(p))), and that the following relations hold: 

(13) w 3 ^ 1 = E 2 = F 2 = H-E = H-F = 0, 

(14) H 2 = —~E ■ F = vuJ 2p - 1 (v^O). 
By using (fTT]) and the fact that wt(-H_2-F) = 4p — 1 we get 

H_ 2 F = vL(-2) p F + Vl , v 1 eC 2 (yV(p)), v € C. 

Applying the screening operator Q and using the fact that C2(W(p)) is Q-invariant, we get 

E_ 2 F = vL{-2) p H + v 2 , E_ 2 H = vL(-2) p E + v 3 

where v 2 ,v 3 G C 2 (W(p)). 

Another important ingredient is Theorem 19. 1 1 below, which implies that in A(M{\)) we have 
the following relation 

[EoF] = iy lP ([uj])*[H}, (i/i/0). 
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But this relation in Zhu's algebra easily gives that v = v\ ^ 0. 
Therefore we have proved 

(15) uj p H = ufE = U P F = 0. 

Finally, relations ((13)) - ((T5|) prove the inequality 

dim(P(W(p)) < 6p - 1. 

□ 

Combined together 
Corollary 4.9. We have 

dim A(W(p)) = dim(V(W(p))) = 6p - 1. 

5. On Zhu's algebra A(W 2 ,3) 

In this section we shall consider the triplet vertex algebra W2,p from [7] and [12 J. 
Assume p is an odd natural number, p > 3, and let 

L = Za, (a, a) = p. 

Let Vl be the associated vertex superalgebra. We recall that Vl is generated by vectors e a and 
e~ Q . As usual, let 

Y{e\z) = Y J 4z~ l -\ P^L 

Define the Virasoro vector 

^ = ^(«(-l) 2 + (;P-2)a(-2))l 
and the (screening) operators Q = e% and 

oo 1 

i=i 

As shown in [7] the triplet vertex algebra W2, P can be realized as a subalgebra of Vl generated 
by to and primary vectors 

F = Qe~ 3a , H = GF, E = G 2 F. 

The results from [7| give that the results from Section [3] can be applied on W2, p - In particular 
W2,p is Z-graded and charge zero component is the singlet vertex algebra M(l) generated by u 
and H. We also have homomorphism $ : A(M(1)) ->■ 74(W2, P )- 

We shall now consider the case p = 3. By using analogous approach as in the case of W(p) we 
prove the following result. 

Proposition 5.1. Ker(&) is contained in the following ideal in A(M(1)) 

A(M(I)).{p(M) * [H], /2 )3 (H)} = {^(M) *p(N) * [^] + s(M) * /^(M), a, Be c[ x ]}, 
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where 

p(x) = (x - 5)(x - 7)(x - f )(x - f )(* - f )(* - 1) 

/2, 3 (x) = x 3 ((* - l)(x - 2)(x - J)(x - j)(x - i)) 2 

(x _ 5)(a . _ 7){x _ w )(a . + _L_ )(x - f )(x - » )(x - §). 

Corollary 5.2. TTie center ofZhu's algebra i(W2,3) & 20-dimensional and it is isomorphic to 

C[x]/(f 2 , 3 (x)). 

Proof. By using results from [7] one can easily see that the center of A(W2,3) is isomorphic to the 
subalgebra generated by [qj]. By using Proposition 15.11 we see that 

feC[x], /(H)eKer(*) => f 2;3 \f. 

Since /2,3(M) S Ker ($), we prove the assertion. □ 

Remark 3. This result implies that 4(W2,3) has 2-dimensional indecomposable modules on which 
\oj] acts (in some basis) as 

' h 1 
h / 

where h e {0, 1, 2, 1/8, 5/8, 1/3}, and 3-dimensional indecomposable module Uq 3 ^ on which [cj] acts as 




Other zeros of the polynomial $2$ do not give rise to indecomposable modules. 

By applying the theory of Zhu's algebras, we get the existence of logarithmic, Z>Q-graded W2,3- 

(2) C3") (2) (3) 

modules R h and w ' whose top components are isomorphic to Uf, and Uq respectively. These modules 
appeared in the fusion rules analysis in Hl6ll . 

By using representation theory of the vertex operator algebra W2,3 we can conclude that 
(16) Q=[FoE\=g([u])*p([ u ])*[ff\, 

for certain polynomial g of degree 2. We can determine polynomial g by evaluating ([TBI on top 
components of M(l)-modules. 

By using direct calculation (and Mathematica) we get: 

, . ,62128128 , 918683648 5767168, . , . 

g( X ) = u( X 2 XH ) (U^O). 

yv ; v 14003665 14003665 215441 1 y r ' 
Moreover, g is relatively prime with f 2 $- Therefore, &(g([u])) is invertible in A(W 2,3) an d we 
have that inp([a)]) * [H] G Ker($). This implies 



Ker($) = A(M(l)).{p([u]) * [H], / 2)3 (M)}. 
Moreover, by simple analysis of Zhu's algebra we get that 

A(w 2 , 3 ) = ^-i(w 2 , 3 ) e A)(w 2 ,3) © ^i(w a , 3 ) 
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where 

A)(W 2 , 3 ) = A(M(T))/Ker($), dimA (W 2 , 3 ) = 26, 

Ai(W 2l 3) = A (W2,3).[E], dimAi(W 2 , 3 ) = 6, 
A_i(W a , 3 ) = A (W 2 ,3).[F}, dimA_i(W2, 3 ) = 6. 
More precisely we have that 

p(M)*[£]=p(M)*[f] = o, 

Ai(W 2>3 ) = span c { P/l (H) * [E],he sg>}, 
A_i(W 2 ,3) = span c { P/l (M) * [F],he S®}, 

where 

S^) = {5,7,10/3,33/8,21/8,35/24}, p(x) = (x-h)p h (x). 
This implies the following result: 
Proposition 5.3. We have 

dimA(W 2 ,3) = 38. 
Remark 4. It is interesting to notice that in this case we most likely have 

dim^(W 2 ,3) < dimP(W 2 , 3 )- 

Remark 5. In HHJ, among other things, we classified irreducible W 2jP -modi/Zes. This can be now used to 
generalize results from this section for general p. 

6. Zhu's algebra A(SW{m)) 

In this section we shall describe Zhu's algebra of the triplet vertex operator superalgebra 
SW{m) introduced in |6f. In |6| we classify irreducible 5W(m)-modules and proved that <SW(m) 
is C 2 -cofinite vertex operator superalgebra. There we also presented the conjecture that Zhu's 
algebra A(SW(m)) is (6m + l)-dimensional. In this section we shall prove this conjecture by 
using new methods from previous sections. 

We should say that SW(m) can be considered as a super-analog of triplet vertex algebra W(p), 
but SW(m) requires different techniques based on the representation theory of the N = 1 Neveu- 
Schwarz Lie algebra. 

We shall first recall definition of the triplet vertex superalgebra SW(m). 

Let Vl be the lattice vertex superalgebra associated to the lattice L = Za, with (a, a) = 2m + 1, 

m G N. 

Let CL be the Clifford algebra, generated by {4>(n),n G \ + Z} U {1} and relations 

{(j)(n),(j)(m)} = 5 n - m , n,m£± + Z. 

Here 1 is central. 

Let F be the CL-module generated by the vector 1 such that 

<t>(n)l = 0, n > 0. 
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Then the field 



generates the unique vertex operator superalgebra structure on F. 
We define: 

t = _!_ (a(-l)l ® + 2ml ® 0(-|)l) , 

Vim +1 

G(z) = y(r,z) = ^G(n+I)^- 2 , 

w = |G(-i)r, L(z) = Y(u, z) = J2 L{n)z' n - 2 . 

The components of the fields L(z), G(z) define on Vl ®F a representation of the N = 1 Neveu- 
Schwarz superalgebra ns with central charge C2 m +i,i = |(1 — 2 ^+i )- Moreover, the operator 

Q = Res z Y{e a ®<j){-\)l,z) 

is a screening operator which commutes with the action of the Neveu-Schwarz algebra. 

The N = 1 vertex operator superalgebra SW(m) is defined to be a subalgebra of Vl ® -F 
generated by superconformal vector r and 

F = e" Q , i? = Qe~ a , E = Q 2 e~ a , 

where these three vectors are highest weight vectors for the Neveu-Schwarz algebra ns. 
ForX G {E, F, H}, we define X = G(-1/2)X. 

The representation theory of SW{m) was developed in [6J. Recall that SW(m) is a simple, 
C2-cofinite vertex superalgebra with 2m + 1 irreducible representations 

5A(1), . . . , SA(m + 1), STI(l), • • • , SU{m). 

For ieZ, we let 



,2i- 



_! ! _ (2m + 1 - 2i - l) 2 - 4m 2 _ (m - i) 2 - m 2 



8(2m + l) 2(2m + l) 

The top component of SA(i + 1) is 1-dimensional and has conformal weight h 2t+ ' , and the top 
component of SH(i) is 2-dimensional and has conformal weight / l 2 ( 3m + 1 - l )+ 1 > 1 . 

The vertex subalgebra of SW(m) generated by r and H is called singlet vertex algebra and 
will be denoted by SM(1). 



Theorem 6.1. [6j Zhu's algebra A(SM(l)) is isomorphic to the commutative algebra 
C[x, y]/ (P(x, y)), where (P(x, y)) is the principal ideal generated by 

2m 

P(x,y) = y 2 -C m l[(x-h 2i + 1 ' 1 ) 



i=0 

22m+l {'2 1 ry\ 1 ]^2m-(-l — 

where C m = (2m+i)! • (^ ere x ant ^ V correspond to [uj] and [H].) 



14 DRAZEN ADAMOVIC AND ANTUN MILAS 



Recall that as a module over Neveu-Schwarz algebra SW(m) is generated by singular vectors 

{Q j e~ na , n G Z> ,0 < j < 2n}, 



and SM(1) is generated by singular vectors 

{Q n e~ na , n G Z> }. 

For every £ G Z>o, we define 



SW(m)_ e = SM{l).e~ £a = 0C/(ns).Q n e 



(n+£)a 
n=0 



5W(m)< = SM(l).Q M e- fo = 0[/(ns).Q n+2£ e 



(n+Qa 
n=0 



Proposition 6.2. For every t G Z, (SW(m)< is an irreducible SM(l)-module and 

SW{m) = QSW(m) e . 

Moreover, for v G SWim)^, w G SW(m)e 2 , we have 

Y(v,z)w G SW(m) h+ e 2 ((z)). 

Operator G = Q satisfies conditions ©-I©. 

The proof of the following two lemmas is completely analogous as in the case of triplet vertex 
algebra W(p). 

Lemma 6.3. We have 

oo 

O(SW(m)) C U(m).Q n e- na + 0{SM(Tj). 

n=l 

Define now two polynomials 

3m 3m 

£(x)= J] (x-h 2 ^ 1 ), Sf m (x)=l[(x-h 2l+1 ' 1 ). 

i=2m+l i=0 



Lemma 6.4. Assume that n > 2. Then in Zhu's algebra A(SM(1)) we have 

[g Q n e~ na ] = A([u]) * [H] + B([u}) * S/ W (M), 
where A,B G C[x], g G U(ns). 

Now we shall consider the homomorphism 



$ : A(SM(1)) -> i(«SW(m)) 

from Section |3l 

We need the following result: 
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Lemma 6.5. Inside A(SM(1)) we have 

[E o F] = D m £([u}) * [H] =0, D m + 0. 

Proof. We consider [E o F] as an element of A(SM(1)). Therefore 

[E o F] = /([a;]) *[#] + g([u>]) 

for certain polynomials /, g € C[x]. Then we shall evaluate both sides of this equality on a family 
of A(SM(1) )-modules. Then Theorem [9T2] proven below (see also Proposition 8.1 and Appendix 
from [6]) gives 

/2m\ 2 / t + m \ _ f (t(t- 2m) \ ( t \ (t{t-2m)\ 
~\m) \4m + 1/ V 2 ( 2m + 1) / V 2 " 1 + V + ^ V 2 ( 2m -+ 1) / 
for arbitrary t € C. This easily gives that g(x) = and /(x) = D m t{x) for certain non-vanishing 
constant D m . □ 

The previous result shows that 

£([u]) * [H] e Ker($). 

The proof of the following theorem is now completely analogous to that of Theorem 14. 5 1 
Theorem 6.6. We have 

Ker(<5>) = A(SM(l)).(£([u>]) * [H]) 

span c {A([u>])*£([u])*[H] + B([u})*Sf m {[uj}), A,BeC[x}}. 

Let 

A (SW(m)) = Im($) A(SM(1))/Ker($). 

By combining the results from Section 11 of |6] and the above results we obtain the description 
of Zhu's algebra A(SW(m)). We get 

A(SW(m)) = A_i(5W(m)) © A Q (SW(m)) © Ai(5W(m)), 

where 

4_i(«SW(m)) = i (5>V(m)).[F], Ai(«SW(m)) = A (<SyV(m)).[% 

and 

dim A±i (5 W(m)) = m, dim i (5W(m)) < 4m + 1. 
More precisely, we have 

* W] = * [F] = 0, 

Ai(SW(m)) = span c {^([w]) *[E], 2m + 1 < i < 3m + 1}, 

A_i(5W(m)) = span c {£i([w]) * [F], 2m + 1 < i < 3m + 1}, 

where %) = £i(x)(x - h? i+1 > 1 ). 

Now Theorem 14.51 implies that dim Aq(W(p)) = 4m + 1. Therefore dim A{SW(m)) = 6m + 1. 
In this way we have proved the following theorem. 
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Theorem 6.7. We have 

dim A(5W(m)) = 6m + 1. 

This theorem was conjectured in [6]. We now have completed description of the Zhu algebra 

A(SW(m)). 

Theorem 6.8. Zhu's algebra A(SW(m)) decomposes as a sum of ideals 

3m m— 1 

A(SW(m)) = M h «+i.i 1^+1,1 C h2m +i,i, 

i=2m+l i=0 

where M a m+i,i = M 2 (C), dim(I h 2i+i,i) = 2 and C h 2m+i,i z's one-dimensional. 

The ideals I/^i+i.i give a family of 2-dimensional indecomposable modules for A(SW(m)). 
By applying Zhu's correspondence we get: 

Corollary 6.9. For every 1 < i < m, there exits the logarithmic, self-dual, Z>Q-graded SW (m)-module 
SVf such that the top component SVf(0) is two-dimensional and L(0) acts on SVf(0) (in some basis) 
as 

( h 2 * 1 * 1 1 \ 

V o h?* 1 * 1 )■ 

7. Twisted Zhu's algebra A a (SW(m)) 

Every vertex operator superalgebra V° © V 1 has the canonical parity automorphism a, where 
a v o = 1 and a v i = — 1. We briefly recall the notion of cr-twisted Zhu's algebra (cf. p2| ). 
Consider the subspace O a (V) C V, spanned by elements of the form 

n _)- x) wt W 

Resa; k y(u, x)v, 

x z 

where u G V is homogeneous. It can be easily shown that 

(I _|_ x )wt(u) 

Res x - ^ Y(u,x)v G O a (V) for n > 2. 

Then, the vector space A a (V) = V/O a (V) is equipped with an associative algebra structure 
via 

(1 _|_ x ~)deg(u) 

u * v = Res x Y(u, x)v 

x 

An important difference between the untwisted associative algebra and A a (V) is that A a (V) is 
Z2-graded, so 

A a (V) = A° a (V)®AUV). 
We shall often use [a] G A a (V) for the image of a G V under the map V — > A a (V). 
It is not hard to prove the following result. 

Proposition 7.1. Let V be a vertex operator superalgebra as in Section 2. There is a natural surjective 
superalgebra map from V(V) to gr(A a (V)). 

Here we shall consider the N = 1 vertex operator superalgebras SM(1) and 5W(m) and the 
corresponding twisted Zhu's algebras A a (SM(l)) and A a (SW(m)). 
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Theorem 7.2. flSj The associative algebra A a (SM(l)) is isomorphic to the ^-graded commutative as- 
sociative algebra 

C[x,y]/(H(x,y)) 

where (H(x, y)) is (two-sided) ideal in C[x, y], generated by 



rr, x 2 r, TrV 2 (2i + l-2m) 2 \ 



i=0 

where C m = pmyJ — ■ (^ ere x an ^ V correspond to [t] and [H]). 

Define 

h 2i+2,i = (2m + 1 - 2i - 2) 2 - 4m 2 1_ 
8(2m + l) 16' 

We also have a natural homomorphism <3? : A a (SM(l)) — > A a (SW(m)). By using similar ap- 
proach as in the case of untwisted Zhu's algebras A(W(p)) and A(SW(m)) we get the following 
result. 



Proposition 7.3. Ker(&) is contained in the following ideal in A CT (SM(1)) 



A a {SM{l)).{r{[u]) * [H]} = {A([t}) * r(M) * [H] + B([r\) * Rf m ([u\), A, Be C[x]}, 

where 

r 1 r 12 , C 2m+l,l 

m = M + 24 . 

3m 

i=2m 
3 m 

h2,l> 



Rfm(x)= \\{x~h 2i+2 



i=0 



Corollary 7.4. TTze center of Zhu's algebra A a (SW(m)) is 6m + 2-dimensional and it is isomorphic to 

m+l 

24 



C[s]/<i2/ m (x 2 + ^i)). 



Define the following two vectors in SM(1): 



1 

= Res 2 y(F, z)E ^ ' -, = Res^y(F, z)£ 



_ D „ v , p ^ e (i + ^) 2m+2 rr ™ _ D „ v , „ , P (i + *) 2m+2 



Lemma 7.5. 7n A CT (5M(1)) we have 

[U F > S ] = A m r{[u])*[H\, A m ^0. 



Proof. Let v\ be the highest weight vector in cr-twisted S'M(l)-module M(l, A) eg) M, where 
M(l, A) is an irreducible module for the Heisenberg vertex algebra M(l) and M is the er-twisted 
module for Clifford vertex superalgebra F (see |5] for details). By direct calculation which uses 
the concepts from [5] we get 

o(U F >*)v x = (RW(t) + R$(t))v, 
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where 



21:22,^3 9 
Z l 

•(1 - z 2 /z 1 y 2m ~ 1 (l - z 3 /z 1 )- 2m - 1 (z 2 - z 3 ) 2m (l + z 2 ) t+l ' 2 {l + z 3 )*- 1/2 , 



fi I „ \2m+l/2-t 

R$(t) = V2 Res zm K -—^ ( Zl z 2 z 3 )- 2m - 2 

•(1 - z 2 / Zl )- 2m -\l - z 3 / Zl )- 2m -\z 2 - z 3 ) 2m+2 (l + z^-^il + z,) 1 - 1 /' 2 
and v\, v 2 are non-zero complex numbers. Now Theorem l9.4l gives that 

R£Ht) = o, ^(t) = ^ + Ztl /2 ) (^°)- 

This easily implies that in the twisted Zhu's algebra A a (SM(l)) we have 

[U F ' S ] = A m r([cj]) * [H], (A m ^0). 
The proof follows. □ 



Lemma 7.6. Inside A a {SM{\)) we have 

[U F ' E }= B m r([oj])*[T}*[H}, R m ^0. 

Proof. Everything here is a matter of rewriting the residue explicitly. The rest follows from The- 
oremES ' ' □ 



By using Lemma [7.51 (or using Lemma [7.61 and the fact that [r] is a unit in A a (SW(m))), we 
have 

r([w]) * [H] G Ker(S). 

Therefore, 



(17) Ker($) = A a (SM(l)).{r([uj}) * [H]}. 

Now we are in position to describe Zhu's algebra of A (T (SW(m)). By using Proposition 6.2 of |5| 
we get: 

A a (SW(m)) = A a (SW(m))-x © A a (SW(m)) © A a (SW(m)) u 

where 

A a (SW(m)) = A a (SM(l))/Ker(<S>), 
A ff («SW(m))_i = A a (SW(m)) .[F], A a {SW{m)) l = A a {SW(m)) Q .[E\. 



Relation <JT7j> gives that dim A a {SW{m))o = 8m + 4. One can also see that 

A a (SW(m)) 1 = span c {rf([-r]) * [E], 2m < i < 3m, e = ±}, 
Ax(5W(ro))_i = span c {rf ([t]) * [F], 2m < i < 3m, e = ±}, 

where 

r(x 2 + SS^L) = r f{x){x ± 2 ™~ % ~\ ). 
24 v / 8(2m + 1) 
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Therefore: 

dim A a {SW{m)) ±1 = 2m + 2. 
In this way we have proved the following result (conjectured in |5J): 
Theorem 7.7. We have 

dim A a (SW(m)) = 12m + 8. 

8. The C 2 -algebra V(SW(m)) 
Now we are in the position to determine P(5>V(m)). Firstly, observe that 
dimV(SW{m)) > dim A a (SW{m)) = 12m + 8. 
Therefore we only have to prove that 

dimV(SW(m)) < 12m + 8. 
By using results from (6J we conclude that V(SW(m)) is generated by 

t,lu,E,F,~H,E,F,H. 

Also the following relations hold: 

-2 = -3m+l = jf = p 2 = H.E = H.p = ^ 

X 2 = TX = 0,tX = viX, H = v 2 uj 2m+1 , 

where v\, v 2 are non-zero complex numbers and X G {E, F, H}. 
Therefore every element u G V(SW{m)) has the form 

u = h{W) + f 2 (uJ)E + / 3 (E7)F + U{W)H + 9i {oj)t + g 2 {ud)E + g z {w)F + g 4 {uJ)H, 

for certain polynomials fo, §i G C[x], deg(/j), deg(^) < 3m, i = 1, ■ • ■ ,4. 
By using Lemma [731 and Lemma [7761 we get: 

Proposition 8.1. We have 

(18) F^ 2 E = A m L{-2) m+1 H + Vl mod{C 2 {SW{m))) (A m ^ 0), 

(19) F. 3 E = B m L(-2) m+1 H + v 2 mod(C 2 (SW (m))) (B m ^0), 
where vi,v 2 G [/(ns).l, wt(ui) = 4m + 5/2, wt(«2) = 4m + 3. 

Proof. Let us prove relation ( fl8l) . First we noticed F_ 2 E is an odd vector in 5M(1) of conformal 
weight 4m + 5/2. This easily implies that F- 2 E has the form 

F_ 2 E = AL(-2) m+1 H + v' 

for certain A G C and ?/ G C2(5W(m))). Then relation in Zhu's algebra A a {SM(l)) from Lemma 
Ogives that A = A m / 0. 

Relation ([T9)) follows from Lemma [7^61 in the same way. □ 
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By using Proposition 18.11 and the action of the operator Q we get: 

uJ m+l X = co m+1 X = X G {E, F, H} 



The analysis above implies that dimV '(<SW(m)) < 12m + 8. In this way we have proved the 
following result: 

Theorem 8.2. We have 

d\mV{SW{m)) = dim A a (SW(m)). 

From the description of V(SW(m)) we see dim Vo(SW(m)) = (3m + 1) + 3(m + 1) = 6m + 4. 
Consequently: 

Corollary 8.3. For all m G N, 

(20) dimA{SW(m)) < dimV (SW{m)). 



In this section, which is mostly of combinatorial nature, we obtain constant (or residue) term 
identities needed in the paper. We are interested in certain multiple sums, which after several 
steps reduce to a single sum. Although we only need non-vanishing condition for these sums, 
we in fact provide closed evaluation expression which is of independent interest. The main tool 
is Wilf-Zeilberger (WZ) theory of summation elaborated in more details in the appendix. 

As usual, for t € C and k G Z>o we set 



9. Constant term identities 




Define also 




Theorem 9.1. Let 



(21) 




where we view t as a formal variable. Then 




1 (X 2 " X 3 ) 2P 



(l + xi) 2 ^ 



{l + x 2 ) t {l + x 3 ) t 



(xix 2 x 3 ) 2 p (1 - x 2 /xi) 2 p(1 - X 3 / Xl ) 2 P 



and 



(22) 



G p (t) = H p (t). 
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Proof. 

Easy inspections shows that G p (t) is a polynomial in t. 

Formula ((21]) has already been proven in [4J, so we only focus on (j22)) . The proof is divided 
into 5 steps: 

In Step 1 we prove G p (t) vanishes at t G {0, . . . , 2p — 1}. 

In Step 2 we prove G(t) = (— l) p G(2p — 2 — t) (the skew-symmetry). 

In Step 3 we prove G p (t) vanishes at t G {— p, . . . , —1}. 

In Step 4 we apply skew-symmetry to show that G p (t) vanishes at t G {3p — 2, ... , 2p}. Steps 
1-4 imply that G p (t) is divisible by Q^). 
In Step 5 we show that 

ff'(0) = G"(0) ^ 0, 

that is H(t) and G(i) have the same first derivative at zero. 

Step 1. This is an easy observation, which follows simply from consideration of Res xl G p (t). 
For every t = i G {1, 2p — 1} the highest positive powers of x\ appearing in the Laurent ex- 
pansion of G p (t) is at most 2p — 1 — i, coming from the expansion of (1 + xi) 2p_1 ~\ Contribution 
from other terms containing x\ is x^ 2p ~ 2 ~\ where j > 0. Thus G p (i) = 0. If t = i = one easily 
sees that the constant term is zero. 

Step 2. Apply the substitution in = and the general formula 

Res^F^j) = Res Xi y'(xi)F(y(xi)), 

where y i = Xi^ G x,C[[xj]]. 

Stepi. This part is more tricky because for t = — 1, —2, .., —p the terms (1 + Xj)' have an infinite 
power expansion in x%. So let —t = k G {1, ■•■,£>}. We clearly have 

1 ((1 + X 2 )-(1 + X 3 ))^ 

(X 1 X 2 X 3 ) 2 P(1-X 2 /X 1 ) 2 P(1-X 3 M)2P x? "r X 3j > 

(23) 

>\ i (i + xi) 2 "- 1 -* (i + X2 y (i + x 2 y 



x , (xiX2X 3 ) 2 P(l-X 2 /xi) 2 P(l-X3/xi) 2 P xf (1 + X 2 ) fe (1 + X 3 ) fc ' 

Now, for every k in the range we either have 

i> k, or j > k, 

(otherwise 2p = i + j < 2k, contradicting our choice of k). If i > k we will consider Res^ of 
(|23)l (if j > k we consider Res X3 instead and the argument follows verbatim). In the expression 
(1 + x 2 )*~ fc the highest power of x 2 is clearly i — k. In addition we already have x^ 2p contribution, 
so the highest power of x 2 we get from these two terms is x 2 2p+t ~ k . For Res^ to be nontrivial 
we must have additional (2p + k — i — 1) powers of x 2 . This can come only from the expansion of 
(1 — x 2 /xi)~ 2p , meaning that we need term (x 2 /xi) 2p+fc_i_1 in its expansion (and higher powers). 
Now, we consider Res Xl . We already have in ((23)) the factor so we have Av+2 \ k -i-\ as the 

term with the highest power of x\. The highest positive power of x\ is (2p — 1 + k), which comes 
from expansion of (1 + xi) 2p ~ l+k . Since we are taking Res ai we see that 

2p - 1 + k - (4p + 1 + k - i) = -2p -2 + i, 



22 DRAZEN ADAMOVIC AND ANTUN MILAS 

which is always < —2, thus gives the zero contribution to Res a;i , and G p (k) = 0. 

Step 4. Since G p (t) = (-l) p G p (2p -2-t), Step 3 gives G p (i) = 0, for i = 2p, 3p - 2. 
Step 5. Here, it is convenient to rewrite G p (t) as 

,24) ^'^(^(-^(-^i 1 )( * )( 2 "- 1 - t ). 

We have to determine the linear coefficients in G p (t) (as we already know the constant term is 
zero). Observe that 

2p-l-i \ x 
, . , ) G Ait + • • • G tC[t], 
2p + j + k + lJ 

where Ai ^ for all j and k\ Similarly for 2p — 1 — i — j / and i — 1 — / we also have 

f 



. . , € i/tf + • • • , vx ^ 
2p - « - J - 1/ 



and 

t 



I _ A . ,€€!* + •••, ei / 0, 

and trivially (*) = 1, if 2p — 1 — i — j = or ? — 1 — = 0. In conclusion, to extract the linear term 
from G p (t), it is sufficient to consider the case 

(25) 2p - 1 - i - j = 0, t - 1 - k = 0. 

With this choice 

2p-l-t \ (2p- l)!(2p- 1)! 



,2p + j + fc + iy (4p-l)! t + 

where dots denote the higher powers of t. For j and subject to (|25)l , we have j = 2p—i — l and 
= i — 1, so we now have 

J U- 1, 



+ 



where again the dots denote the higher order terms. The sum in the parenthesis, denoted by 
f(p), can be evaluated via Zeilberger's algorithm (cf. Appendix). We get 

3(3p - 4)(2p - 3)(3p - 2)/(p - 1) + /(p)(2p - l)(p - l) 2 = 0, p > 2 

The last formula yields (after iteration) 

2(3p-2)! 



sip) = (-i) p - 



(2p- l)(p- l)! 3 ' 
so we finally have 

r m-C n^ ^P- 1 )' 2 2(3p-2)! 1>p (2p)l(2p-2)l(3p-2)l , , 

plJ_i j (4p-l)! (2p-l)(p-l)! 3 ij p!(p- l)!2(4p-l)! + 
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But this coefficient is precisely the linear coefficients of 

^)-(-D UJU-iJl4^i)r t+ '"' 

and H'(0) = G"(0). 

□ 



Remark 6. 1. It is tempting to ask whether WZ-theory can be applied directly to (TZ4D . The short answer 
seems to be "no", or at least we couldn't make it work even after we simplify (O to a single sum involving 
generalized hypergometric series. 

2. There seems to be another degree of freedom in the formula for f(p). We can for instance show that 
for k > 1, p > k: 

VV-tf'/W ~ 2P )(~ 2P \ 2(-l)P(3p-l-A;)! 
^} ' V i) \2p-k- i) \i-kj {2 P - k){p - \)\ 2 {p - k)V 

Our formula for f(p) is obtained by specializing k = 1. 

Theorem 9.2. The residue 

M -y l-y \-2m-lf-, „ /„ \-2m-l/ „ ^2-m+l (j- + z 2)*(l + Z^f 

•(1-Z 2 /Zlj (,1-2 3 MJ (^2-2 3 J 7— 77 

(1 + Zl) 1 

equals 

2m\ 2 ( t + m 



m I \4m + 1 



Proof. The proof is analogous to the previous theorem so we omit some details. Let H m (t) 
~ Cm) 2 Qm+i) ■ Observe first that the sum in question can be rewritten more compactly as 

Res Zl ,, 2 , Z3 (1 + Zl)2m (z 1 z 2 z 3 )- 2m - 1 - 



Zl 

•(1 - z 2 /z i y zm - 1 (l - z 3 /z 1 )- 2m -'(z 2 - z 3 ) 



-2,,i-\., 1 . /. ,-2/k-I,-.. . .2m (1 + z 2 ) * ( 1 + Z3) 



(l + ^l) 4 ' 

which equals 
(26) 

(2m,2m— . , / ^/^^^^ ^^ 

.s„<-^(- 2 r 1 )(" 2 r 1 )(T)(,^)U-V,)( 



(<J,fc)=(0,0,0) 

! prev 
Then we write 



As in the previous theorem we analyze the roots of G m (t) and show it is divisible by 



^-^(gM>tT0(ir')(T)+ 
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To prove 

(2m)! 2 ^ f /-2m - 1\ (-2m - 1\ /2m\ (2m\ 2 m!(-l) m (3m)! 



(27) (2m)! 2 ^ i f-2m-l\f-2m-l\f2m\ = (2mY 

K ' (4m + 1)! ' V i )\2m-i ) \ i ) \m J 



(4m + 1) 



we denote the sum on the left hand side in (|27)l by Sum(m). By using Zeilberger's algorithm we 
obtain 

—Sum(m + l)(m + l) 2 — 3(3m + l)(3m + 2)Sum{m) = 0, 

so we get 

, OQ . ^ /—2m — 1\ (—2m — l\ / 2m\ (-l) m (3m)! 

(28) = g ( " 1} v i J I 2- - J I J = ' 

which yields the claim (see Appendix for more details). To finish the proof we only have to argue 

H' m (0) = G' m (0), 

which is easy to check. □ 
Theorem 9.3. For m G N, w e have 

Ees ^ + ^? m+1/2 - t (z z z r2m -i 
iles 21)22j 2 3 3 \z\z 2 z 3 ) 

•(1 - z 2 /z 1 )- 2m -\l - z 3 /z 1 )- 2m - 1 (z 2 - z 3 ) 2m (l + z 2 ) t+1 ' 2 {\ + zzf- 1 ' 2 

equals 

1 (2m\(2m + l\, ^(t + h + m 

)(t — m) 1 



(4m + 3)(2m — 1) \ m J \ m ) \ Am + 2 

Proof. Compared to the proof of Theorem l9.2l the strategy here is a bit different. We denote the 
residue by F(m, t) and the product of binomial coefficients by G(m, t). 

As in Step 1 of Theorem 19. II we first identify trivial half-integer zeros. Then (as in Step 2) we 
obtain the symmetry identity 

F(m,t) = -F(m,2m - t). 

The last relation also implies F(m, m) = 0. Another application of the same formula gives the 
remaining zeros. 

In the last step we shall argue G'(m, to) = F'(m, to) for some t = to- It turns out that G"(m, 0) 
is hard to analyze so we choose to = \ instead. Then again, as in Theorem 19. 11 we rewrite first 

F(mt) = T(-lY +k+ *( 2m+1 2~ t )(-2m-l\(-2m-l\(2m\(t + l\( t-\ \ 
v ' ; 4rf) ' \2m + 3 + j + kJ\ j J\ k J \ i J \i - k J \2m -j-ij' 

j,k,i 

To compute F'(m, t)\ t=1 / 2 we have to analyze two sums: 

2m , 

(29) Sumim) = ^(-1)*( 

i=o ^ 



-2m - 1\ /-2m - 1\ /2m 
2m — i J V i J \ i 
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This sum was already computed in ((28]). We also need 

<*» r «-|><^)(~T0(? 

It is not hard to see by using Zeilberger's algorithm that TSum{m) = —^Sum(m). Putting 
everything together we get a closed expression for F'(m, t)| t=1 / 2 - It is trivial to see that it also 
equals G'(m, t)\ t=1 / 2 . The proof follows. □ 



By using similar methods we can also prove the following result. 

Theorem 9.4. For m G N, w e have 
(i) 



(1 + Zl) 2m+l/2-t 
ReS ZuZ2:Z3 2 (Z1Z2Z3, 



-2m-l 



(31) -(1 - z 2 /z 1 )- 2m - 1 (l - z 3 /z 1 r 2m ~ 1 (z 2 - z 3 ) 2m (l + z 2 ) t+1 ' 2 {l + z^- 1 ' 2 = 0. 

(ii) 

(1 + z )2m+l/2-t 

Res zl , Z2 , Z3 K ^ 11 ( Zl z 2 z 3 )- 2m - 2 

•(1 - z 2 /z 1 y 2m ~ 1 (l - z 3 /z 1 )- 2m - 1 (z 2 - z 3 ) 2m+2 {\ + z 2 ) t - 1/2 (l + zrf- 1 ' 2 



2m\ 2 2m + 1 ft + m+ 1/2 



my m+1 \ 4m + 2 

10. Appendix 

Let us briefly outline Zeilberger algorithm method following the book |2T| . One is generally 
interested in closed expression for finite sum 



/(n) = £F(T 



where F(n, i) is hypergeometric in both arguments (meaning that F(n, i + 1)/F(n, i) and F(n + 
1, i)/F(n, i) are rational functions). The main idea behind Zeilberger algorithm, also known as 
the method of creative telescoping, is to find another function R(n, i) and the following recurrence: 

k 

aj(n)F(n + j, i) = R(n, i + 1) — i?(n, i), 

i=o 

where %-(n) are polynomials in n. Assume for a moment that we are able to find such R(n, i), 
which is nonzero for finitely many i. Then summing over i g Z, yields the recursion 

k 

Y,a 3 (n)f(n + j) = 0. 

j=0 
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If there is such R(n, i) Zeilberger's algorithm can find it, and this part is implemented in various 
Maple/Mathematica packages (e.g. sumtools). We should say that in all our applications k = 1 
(first order recursions), which can be easily solved and we get closed expression for f(n). 
We illustrate the method on the identity ((27)) , or equivalently ((28|) . Let 

-2m — 1\ ( —2m — 1 \ /2m N 
2m — ■ 



F(m,i) = (-1)' 
Zeilberger's algorithm gives 



G(m, i) 



R(m,i) = G(m,i)F(m,i), 

i 2 (-i + 4m + 1) Urn + l)i 4 - 2(m + l)(5m + 4)i 3 + (m + l)(120m 2 + 168m + 59)i 2 

4(m + l)(2m + l)(-i + 2m + l) 2 (-i + 2m + 2) 2 

-2(m + l)(260m 3 + 558m 2 + 395m + 92)? + 4(m + l)(172m 4 + 506m 3 + 548m 2 + 259m + 45) 

4(m + l)(2m + + 2m + l) 2 (-i + 2m + 2) 2 

It is easy to prove the identity 

(32) -(m + l) 2 F(m + 1, i) - 3(3m + l)(3m + 2)F(m, i) = R{m, i + 1) - i?(m, i). 
We shall also need 

(m + l) 2 (F(m + 1, 2m) + F(m + 1, 2m + 1) + F(m + 1, 2m + 2)) 

(33) +3(3m + l)(3m + 2)F(m, 2m) = R(m, 2m). 

Now we sum the equation (j32)) over i G {0, .., 2m — 1} and use (|33)) . We obtain 

-(m + l) 2 /("i + 1) - 3(3m + l)(3m + 2)/(m) = 
as desired. This immediately gives 
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